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NO CAUCHY DATUM NEEDED FOR THE UNIQUE SOLUTION
IN S ′(R1+2d) OF THE LINEARIZED VLASOV-MAXWELL
SYSTEM WITH THE LIMITING ABSORPTION PRINCIPLE
OLIVIER LAFITTE AND OMAR MAJ
Abstract. For the linearized Vlasov equation, we establish a mathematically
rigorous characterization of the specific (unique) solution which physically de-
scribes the response of a hot plasma to an external small-amplitude electromag-
netic disturbance. This allows us to define the plasma conductivity operator σ
which gives the current density J = σE induced in the plasma by the electric
field E of the disturbance. With this aim we study first a simple model prob-
lem with damping and explain the relationship between the general solutions
of the Cauchy problem with given data and the tempered solution which is
unique. We apply them to the specific case of a hot uniform non-magnetized
non-relativistic plasma (linear Landau damping).
1. Introduction
A plasma is a collection of a sufficiently large number of electrically charged
particles of various species (electrons, protons, and ions of different elements), sub-
ject to electromagnetic fields. In kinetic theory, the configuration of a plasma is
specified by a family of functions fs : R ×R
3 ×R3 → R+, labeled by the index of
particle species s ∈ S and defined so that fs(t, x, p) gives the density of particles of
the species s at the time t, position x and relativistic momentum p.
The equation governing the evolution of the distribution functions in general is
the relativistic Vlasov-Maxwell-Landau system, which writes
(1)


∂tfs + v(p) · ∇xfs + qs
(
E+ v(p)× B/c
)
· ∇pfs = Cs, s ∈ S,
∂tE− c∇× B = −4πJ = −4π
∑
s
qs
∫
Rd
v(p)fs(t, x, p)dp,
∂tB = −c∇× E,
∇ · B = 0,
∇ · E = 4πρ = 4π
∑
s
qs
∫
Rd
fs(t, x, p)dp,
where v(p) = p/(msγ(p)) is the relativistic velocity, γ(p) =
(
1 + p2/m2s c
2
)1/2
, Cs
is the relativistic Landau collision operator [3, 9], c is the speed of light, ms is the
mass of particles of the species s and qs is their electric charge (c.g.s. units are used
throughout the paper).
Together with system (1) a variety of reduced models are also in use for modeling
plasmas and gases in special cases. For instance, at moderate energies the non-
relativistic version is used, which follows from (1) by setting γ(p) = 1, so that
v(p) = p/ms and Cs reduces to the non-relativistic Landau collision operator.
1
2 OLIVIER LAFITTE AND OMAR MAJ
When the plasma is weakly collisional, the terms Cs on the right-hand side of
the kinetic equation can be neglected and one recovers the Vlasov-Maxwell system
both in the relativistic and non-relativistic versions. The Vlasov-Maxwell system
can be further reduced, when all effects of the magnetic field can be neglected;
then Maxwell’s equations are replaced by the Poisson equation for the electrostatic
potential φ, E = −∇φ, and the Vlasov-Maxwell system reduces to the Vlasov-
Poisson system.
For electrically neutral particles, qs = 0, the electromagnetic part of the system
can be dropped and the collision operator Cs is given by the Boltzmann operator.
This gives the Boltzmann equation [12]. The Boltzmann equation can be modified
by replacing the Boltzmann collision operator with other models of collisions, such
as the BGK (Bhatnagar, Gross and Krook [4]) operator leading to the BGK kinetic
model [12].
The cases mentioned above are just some of the most common kinetic models for
plasmas and gases but other “combinations” for self-consistent forces and collision
operators are also considered. The literature on kinetic models is vast with far-
reaching applications and we shall not attempt to give a review here.
We are mainly interested in the propagation of linear plasma waves for which
a linearized collision-less models Cs = 0 suffice. (The relevant time-scale is much
shorter than that of collisions). At high temperatures relativistic effects have to be
accounted for (at least for the electrons) and thus the linearized relativistic Vlasov-
Maxwell system is the physically appropriate model for such applications. Simpler
models such as the linearized non-relativistic Vlasov-Maxwell or Vlasov-Poisson
systems, even in reduced dimension d < 3, are also interesting for basic plasma
theory. It is however worth starting from an overview of the mathematical results
for the full non-linear system, in order to understand the expected regularity of
the distribution functions and electromagnetic field. The mathematical works on
such a large class of models focus in particular on the associated Cauchy problem
[20, 16, 27, and references therein].
For the relativistic Vlasov-Maxwell system, i.e., equation (1) with Cs = 0, Woll-
man [36] obtained a local existence and uniqueness result: for a single-species non-
relativistic plasma and with initial data in Hs, s ≥ 5, satisfying suitable condi-
tions, he proved that there is T > 0 depending on the initial conditions such that
a unique solution f ∈ C
(
[0, T ], Hs(R6)
)
∩C1
(
[0, T ], Hs−1(R6)
)
exists. With initial
data f0s ∈ C
1
0 (R
3 ×R3), E0,B0 ∈ C2(R3) and under the a priori assumption that
any solution fs is compactly supported in momenta and the support is bounded by
a certain function of time, Glassey and Strauss [22] proved existence of a unique
global solution in C1(R×R3 ×R3) of the relativistic Vlasov-Maxwell system with
multiple species. A simpler proof was given by Bouchut, Golse and Pallard [8].
Asano and Ukai [1] and Degond [15] then proved local existence and uniqueness of
a solution (fs,E,B) in Sobolev spaces H
s with s ≥ 3 for the non-relativistic case;
specifically, if the initial data are in H3, and the initial distribution function is non-
negative, f0s ≥ 0, and compactly supported in velocity, Degond has shown that there
exist a time T > 0 depending on the initial data (but not on the speed of light c)
and a solution in L∞(0, T ;H3(R6)×H3(R3)×H3(R3)
)
. Wollman [37] later proved,
again for a single-species non-relativistic plasma, local existence of a C1 solution
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with initial data f0s ∈ C
1
0 (R
6) and E0,B0 ∈ H3(R3); specifically there is T > 0 de-
pending on the initial condition such that there exists a solution fs ∈ C
1([0, T ]×R6)
which is unique as an element of L1
(
0, T ;H3(R6)
)
∩ C
(
[0, T ], H2(R6)
)
.
Existence and uniqueness of a global C1 solution for t ∈ [0,+∞) (x, p) ∈ R6 with
small data has been shown by Glassey and Schaeffer [21] with compactly supported
initial data satisfying appropriate conditions that require, in particular, the initial
distribution function and electromagnetic fields to be small in C1 and C2 norms
respectively. Global existence without small data assumption is due to Di Perna
and Lions [17]: for the non-relativistic case and with single of particle species, given
initial data f0 ∈ L1 ∩ L2(R3 ×R3) and E0,B0 ∈ L2(R3) with the conditions f0 ≥ 0
and ∫
R3
|v|2f0dp < +∞,
they prove existence of
f ∈ L∞
(
0,+∞;L1(R3 ×R3)
)
, E,B ∈ L∞
(
0,+∞;L2(R3)
)
,
that satisfy the non-relativistic Vlasov-Maxwell system in the sense of distributions.
The conditions on the data are the natural ones since f(t, ·, ·) is a phase-space density
of particles (and thus must be non-negative and in L1) and the quantity
E(t) =
1
2
m
∫
R3
|v|2fdp+
1
8π
(
‖E‖2L2 + ‖B‖
2
L2
)
,
is the conserved energy of the system. Di Perna and Lions have shown that for such
global weak solutions one has E(t) ≤ E(0), that is, they are finite-energy solutions.
The key ideas of this proof is the use of renormalized solutions [16, 27], which has
been applied to the Boltzmann equation [18] as well. More recently, the relativistic
version has been addressed by Rein [33], while bounded (in space) domains have
been considered by Bostan [7].
As for the Vlasov-Poisson system the study of the Cauchy problem developed
along the same lines, moving from local-in-time classical solutions up to global weak
solutions [16, and references therein].
We note also the results on global existence with small data for the relativistic
Vlasov-Maxwell system obtained by Horst [23] on the line of the analogous results
for the Vlasov-Poisson systems and particularly those by Bardos and Degond [2].
The key observation is that the decay of ‖E(t)‖2L2+‖B(t)‖
2
L2 for t→ +∞ completely
determine the electromagnetic field. Horst makes use of a fixed-point argument
to show global existence of solutions: given the electromagnetic fields (E,B) in
a suitable class of functions, he constructs the characteristic flow for the kinetic
equation, from which he computed the charge and electric current densities that
generate new electromagnetic fields (E′,B′). This defines an operator Q : (E,B) 7→
(E′,B′) which is a strict contraction if the initial distribution f0 and its derivatives
are small enough. In this construction, the field (E′,B′) is obtained as the solution
of Maxwell’s equations with the condition ‖E(t)‖2L2 + ‖B(t)‖
2
L2 → 0 for t → +∞,
[23, definition 2.6].
Such results are all for the fully nonlinear problem, even if the main result of this
work is given for the linearized problem. For the latter case we need to consider
a linear kinetic equation that will be addressed below in details. Wollman [37,
section 3] reports the classical results on the existence of classical solutions for such
problems, the proof of which is based on the standard methods of characteristics.
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Specifically, if the electric and magnetic fields E,B are in C
(
[0, T ];H3(R2)
)
with
H3-norm bounded uniformly in time, the linear non-relativistic equation with initial
datum f0s ∈ C
1
0 (R
3 ×R3) has a unique classical solution fs ∈ C
1([0, T ]×R3 ×R3).
Here T is the life-span of the fields and does not depend on the initial distribution.
In this paper, we consider a given stationary configuration {fs = Fs,0(x, p)}s∈S
of the plasma in presence of a static magnetic field B0 = B0(x). The problem we
then address is the linearized system of equations around the stationary solution
(fs = Fs,0,E = 0,B = B0). The associated unknowns are the linear perturbations
(fs, E,B), where fs ≃ fs−Fs,0 is the perturbed distribution function for the particle
species s ∈ S, E and B are the electric and magnetic fields of the perturbation. We
could expect to need and be able to consider given arbitrary initial data. However,
we seek to determine what is referred to as the dielectric response of the plasma in
the physical literature [10, 35, 25, 6]. The underlying physical idea is that the ap-
plication of a small-amplitude electromagnetic perturbation induces a small change
in the distribution functions fs, which represents the response of the plasma to the
imposed electromagnetic disturbance. As we shall see below, such an analysis is
common (e.g., in the modeling of electric circuits) and it is similar to the con-
struction of the operator Q in Horst’s fixed-point argument mentioned above. In
addition however, physical reasoning suggests that the response of the plasma is
uniquely determined by and depends continuously on this imposed perturbation,
hence with no prescribed Cauchy datum, not even for the distribution function,
differently from Horst’s approach. A precise mathematical analysis of the response
of a plasma is important since that is the basis for the construction of constitutive
relations for plasma waves, the simplest of which being the Ohm’s law, and thus
for the dispersion relation of plasma waves. The same problem has been consid-
ered by Omnes for a bounded plasma [32]. More recently, Cheverry and Fontaine
[14, 13] have addressed the characteristic variety (or dispersion relation) for the
linearized Maxwell-Vlasov system using asymptotic methods, but here we focus on
the properties of the plasma constitutive relation as an operator.
Therefore we have to deal here with a different approach to the linearized Vlasov-
Maxwell system, which is not considered as an evolution problem. A simple and
accurate analogy for this type of situation is the classical electrical circuit equation
with an imposed external potential, for which one has a particular solution and a
general decaying solution for t → +∞. (Note that this general decaying solution
goes to infinity if t→ −∞.)
The dynamics of a small perturbation fs induced by a small electric field distur-
banceE is thus governed by the linearized relativistic Vlasov equation [5, 10, 24, 35],
(2) ∂tfs + v(p) · ∇xfs + qs
( v(p)
c ×B0
)
· ∇pfs = −qs
(
E + v(p)c ×B
)
· ∇pFs,0,
where the electric field E of the disturbance is given (we shall consider E ∈ S(R×
Rd)) and the magnetic field depends linearly on the electric field via the Faraday
law,
(3) ∂tB + c∇× E = 0.
In this paper, we are concerned with finding a unique solution of both (2) and (3)
which will give rise to the response of the plasma.
Since we consider a linearized problem, the solution for fs does not need to be
non-negative (essentially, if Fs,0 + fs fails to be non-negative, we no longer are in
the linear regime), but we need, however, to keep the assumption on the existence
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of the moments (up to order 2), and the L1-in-x behavior (or L1loc for an infinite
system).
The main idea here is to use a method developed in another field (elliptic equa-
tions and the spectral theory of elliptic operators) called the limiting absorption
principle [26, 34]. This idea is used in the framework of scattering theory. For
example, it selects the unique outgoing wave solution of a Helmholtz equation or
the unique solution of elliptic equations, as well as the extension of the resolvent of
the operator −∆+ V [19, 31, 11, and references therein]. It is accounted for in the
linearized Vlasov equation by adding a dissipation term νfs, ν > 0. As we will see,
taking the limit ν → 0+ yields a unique solution. Physically, the term νfs,ν can be
interpreted as an effective linear collision operator with collision frequency ν.
The corresponding unique perturbation in the electric current density induced
by the electromagnetic disturbance reads
(4) j(t, x) =
∑
s∈S
qs
∫
R3
vfs(t, x, v)dv.
Since fs depends linearly on the electromagnetic field (E,B) and the induced cur-
rent density j is given by the action of a linear operator on the electric-field per-
turbation, namely,
(5) j = σ(E).
This is referred to as the linear constitutive relation of the plasma and the operator
σ is the conductivity operator, which fully describes the linear plasma response (the
induced charge density is related to the induced current density j by the charge
continuity equation).
However, equation (2) has a classical non-trivial null space and, analogously, the
magnetic field is not uniquely determined by the Faraday’s law. We address this
issue in section 4. We just mention for the moment that the interpretation used by
physicists is to impose both fs and B to have a zero limit for t→ −∞ (null Cauchy
conditions at t0 = −∞).
This paper gives a rigorous mathematical characterization of the unique relevant
solution of the linearized Vlasov equation in a simplified problem. It is called in
the sequel the causal solution (in agreement with the physics terminology) and it
can be understood through the limiting absorption principle.
We complete this program in detail and compute the conductivity operator in the
case of a non-magnetized plasma in one spatial dimension (which is the standard
paradigm for linear Landau damping), and prove that the operator σ amounts to
the sum of a Fourier multiplier homogeneous of degree zero away from k = 0,
(ω, k) being the Fourier variables (frequency and wave vector), and of a remainder
operator localized in a neighborhood of k = 0. The Fourier multiplier agrees with
the known physics result.
Although limited to a simple plasma equilibrium, these results support the
physics works that rely of the pseudo-differential form of the conductivity oper-
ator [30, 28, 29, 6]. More precisely, even if σ is rigorously not a pseudo-differential
operator, it can be written as the sum of a pseudo-differential operator plus a re-
mainder which vanishes if the spectrum of the electric-field disturbance vanishes in
a neighborhood of k = 0; this is typically the case in the envisaged applications.
For the case of an homogeneous non-magnetized plasma, we consider the stan-
dard Landau damping problem in the non-relativistic one-dimensional case, for
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which we obtain the causal solution in the following theorem. Let d = 1, B0 = 0,
γ(v) = 1, and let the background distribution be constant in space, i.e., Fs,0 =
Fs,0(v), with Fs,0 ∈ S(R). Given E = E(t, x) in S(R
2) and ν > 0, we consider the
equation
(6) Ls,νfs,ν := ∂tfs,ν + νfs,ν + v∂xfs,ν = −
qs
ms
EF ′s,0,
together with the functions
(7) fs,ν(t, x, v) := −(qs/ms)F
′
s,0(v)
∫ t
−∞
e−ν·(t−s)E
(
s, x− v · (t− s)
)
ds,
and
(8) fs(t, x, v) := −(qs/ms)F
′
s,0(v)
∫ t
−∞
E
(
s, x− v · (t− s)
)
ds.
With the function (8), we define the function jν and the operator σν according to
equation (4),
(9)
jν(t, x) := σν(E)(t, x)
= −
∑
s
q2s
ms
∫
R
vF ′s,0(v)
∫ t
−∞
e−ν·(t−s)E
(
s, x− v · (t− s)
)
dsdv.
Let χ ∈ C∞0 (R) be an arbitrary cut-off function with χ(0) = 1 and we also introduce
the following Fourier multiplier
(10) F
(
σ1−χ(E)
)
(ω, k) =
(
1− χ(k)
)
σˆph(ω, k)Eˆ(ω, k),
where F denotes the Fourier transform, σˆph is the physical conductivity tensor
(explicit form given in proposition 4.5 below). Note that if one replaces F ′0,s(v) by
n0(x)F˜
′
0,s(v) then the Fourier multiplier becomes a pseudo-differential operator.
Theorem 1.1. The functions and operators defined above have the following prop-
erties:
(i) For all E ∈ S(R2), fs,ν belongs to S(R
3) and is the unique solution in S ′
of equation (6). Moreover, for ν → 0+, fs,ν → fs in the topology of S
′,
with fs in C
∞
b (R
3). Notice that fs(t, x, ·) ∈ S(R) for every (t, x) ∈ R and
is a classical solution of equation (6) with ν = 0.
(ii) The operator σν is a continuous linear operator from S(R
2) to S(R2) for
all ν > 0. When ν → 0+ jν → j = σ(E) in S
′ and j belongs to C∞b (R
2).
The limits j and fs satisfy equation (4).
(iii) For any E ∈ S(R2) such that Eˆ(ω, k) = 0 in suppχ, σ(E) = σ1−χ(E).
Remark 1. The last item of theorem 1.1 shows that the operator σχ := σ− σ1−χ is
well defined and is zero when the Fourier transform in x of E is 0 for small values
of k. An expression of σχ is also available (see proposition 4.5).
Remark 2. Physically, jν and σν are the induced current density and conductivity
operator for a plasma with constant collision frequency ν.
Remark 3. The space S ′(R3) is the natural space for the construction of the linear
operator σν and its limit. Item (i) of the present result includes the classical setup
for distribution functions.
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Theorem 1.1 can be straightforwardly generalized to the case of a non-magnetized
non-relativistic plasma with a spatially non-homogeneous equilibrium distribution
of the form Fs,0(x, v) = n0,s(x)F˜s,0(v), for which the velocity distribution is the
same at any point in space. For such equilibria, equation (9) becomes
(11) jν(t, x) := σν(E)(t, x) = −
∑
s
q2s
ms
∫
R
vF˜ ′s,0(v)
×
∫ t
−∞
eν·(s−t)n0,s(x− v · (t− s))E
(
s, x− v · (t− s)
)
dsdv.
Correspondingly, σph becomes a pseudo-differential operator.
In section 2 we set the notations and preliminary definitions. In section 3, a
general characterization of the plasma response is given in a simple case study.
The rest of the paper is dedicated to the proof of theorem 1.1.
2. Notation and basic definitions
We shall work with tempered distributions on the Euclidean space-time R1+d.
Let us denote by S(Rd) the Schwartz space of rapidly decreasing functions on Rd.
Those are functions ϕ ∈ C∞(Rd) for which
sup
x∈Rd
∣∣xα∂βxϕ(x)∣∣ <∞.
Semi-norms in S are defined by
‖ϕ‖k = max
|α|+|β|≤k
sup
x∈Rd
∣∣xα∂βxϕ(x)∣∣, k ∈ N.
With those semi-norms, the Schwartz space is a Fre´chet space and its topological
dual S ′(Rd) is the space of tempered distributions, namely, the space of continuous
linear functionals : S(Rd) → C. In this case continuity of a linear functional
u means that there exists an integer k > 0 and a constant Ck > 0 such that
u(ϕ) ≤ Ck‖ϕ‖k.
For the Fourier transform of a function ϕ ∈ S(Rd) we write
ϕˆ(η) =
∫
Rd
ϕ(y)e−iη·ydy.
The Fourier transform F : ϕ 7→ ϕˆ is continuous from S into itself and extends to
S ′ by duality. Specifically, this means
uˆ(ϕ) = u(ϕˆ).
That uˆ is a continuous linear functional follows from the continuity of u and of the
Fourier transform ϕ→ ϕˆ.
We shall also need to draw the connection to physics results: for the Fourier
transform in time and space of a function ϕ = ϕ(t, x) in S(R1+d), we also adopt
ϕˆ(ω, k) =
∫
R4
ϕ(t, x)eiωt−ik·xdtdx,
where, (t, x) are physical coordinates in the Euclidean space time, ω is the an-
gular frequency and k is the wave vector. The standard form is recovered upon
introducing normalized coordinates (y, η) ∈ R1+d ×R1+d with y = (t/T, x/L) and
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η = (−ωT, kL), where T and L are normalization scales. With some abuse of nota-
tion, we write ϕ(y) = ϕ(t, x) and ϕˆ(η) = ϕˆ(ω, k), thus implying the normalization
and the sign change in ω.
Our main results require a few basic definitions on Fourier multipliers.
Definition 1 (Fourier multipliers). A tempered distribution a ∈ S ′(Rd × Rd)
defines a continuous operator A : S(Rd)→ S ′(Rd) by,
〈Au, ϕ〉 = (2π)−d
∫
eiy·ηa(y, η)uˆ(η)ϕ(y)dηdy,
with integral in the sense of distributions (i.e., 〈Au, ϕ〉 = (2π)−d〈a, uˆϕeiy·η〉). The
operator A is referred to as Fourier multiplier.
We shall see that Fourier multipliers are relevant to the case of a uniform plasma
equilibrium.
3. Characterization of the response operator: a simple case study
In this section, we give a mathematically precise characterization of what has
been informally called “response” in sections 1 and for a simple case study.
Given v ∈ S(R1+d), we consider the equation
∂tu(t, x) = v(t, x), u(0, ·) = u0 ∈ C
∞
b (R
d),
where C∞b (R
d) is the space of smooth bounded functions with bounded derivatives.
All solutions of this problem are
u(t, x) = u0(x) +
∫ t
0
v(s, x)ds,
and we have u ∈ C∞(R1+d).
Proposition 3.1. In addition, u ∈ C∞b (R
1+d).
Proof. Considering the derivatives ∂qt ∂
α
x u(t, x), for q > 1 one has ∂
q
t ∂
α
x u(t, x) =
∂q−1t ∂
α
x v(t, x) with v ∈ S(R
1+d), while for q = 0 and for every m > 1 we have
|∂αx u(t, x)| ≤ |∂
α
x u0(x)| + sup
s∈R
∣∣(1 + s2)m∂αx v(s, x)∣∣
∫ +∞
−∞
ds
(1 + s2)m
,
with ∂αx u0 bounded by hypothesis. 
If we think of u as the response of a localized perturbation v, causality requires
that u → 0 for t → −∞ since the perturbation decreases exponentially in time.
The limit for t→ −∞ of the solution exists since v ∈ S(R1+d) and thus∫ 0
−∞
v(s, ·)ds
is finite. This requirement selects uniquely the initial condition u0, namely,
u0(x) =
∫ 0
−∞
v(s, x)ds,
thereby establishing uniqueness of the response.
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Proposition 3.2. For v ∈ S(R1+d), there exists a unique solution in C∞b (R
1+d)
of the equation ∂tu = v such that limt→−∞ u(t, x) = 0 pointwise in x, and that is
given by the function
u(t, x) =
∫ t
−∞
v(s, x)ds,
in C∞b (R,S(R
d)). This is referred to as the causal solution.
Proof. The initial condition
u0(x) =
∫ 0
−∞
v(s, x)ds,
belongs to S(Rd) and thus to C∞b (R
d). Proposition 3.1 gives us a unique solution
in C∞b (R
1+d), which is
u(t, x) = (
∫ 0
−∞
+
∫ t
0
)v(s, x)ds =
∫ t
−∞
v(s, x)ds.
For every integers q ≥ 0 and t ∈ R, ∂qt u(t, ·) ∈ S(R
d) and u satisfies the condition
limt→−∞ u(t, x) = 0. As for the uniqueness, if u∗ ∈ C
∞
b (R
d) is another initial
condition such that the limit t→ −∞ of the corresponding solution vanishes, then
0 = u∗(x) +
∫ −∞
0
v(s, x)ds = u∗(x) − u0(x),
which shows that u∗ = u0. 
The causal solution is bounded and thus defines a distribution in S ′ given by
〈u, ϕ〉 =
∫
R1+d
u(t, x)ϕ(t, x)dtdx, ∀ϕ ∈ S(R1+d).
We consider now the map v 7→ u acting : S(R1+d)→ S ′(R1+d).
Proposition 3.3. The maps S(R1+d) ∋ v 7→ u ∈ S ′(R1+d) amounts to a con-
tinuous linear operator, namely, there are integers m,µ and a constant Km,µ such
that |〈u, ϕ〉| ≤ Km,µ‖v‖2µ‖ϕ‖2m. In addition the operator v 7→ u is continuous
: S(R1+d)→ L∞(R1+d).
Proof. That u defined above is a tempered distribution is a classical result: the
integral is well-defined and one only needs to check the continuity of the functional;
with that aim, for m > (1 + d)/2 one has
|〈u, ϕ〉| ≤ ‖u‖L∞(R1+d) sup
y∈R1+d
∣∣(1 + y2)mϕ(y)∣∣ ∫
R1+d
dy
(1 + y2)m
,
and
sup
y∈R1+d
∣∣(1 + y2)mϕ(y)∣∣ ≤ Cm‖ϕ‖2m,
which shows continuity with respect to a set of semi-norms of ϕ in S. We now need
to look at the modulus of continuity which depends on the L∞ norm of the causal
solution u ∈ C∞b (R
1+d). As in proposition 3.1,
|u(t, x)| ≤ sup
t∈R
∣∣(1 + t2)µv(t, x)∣∣ ∫ +∞
−∞
ds
(1 + s2)µ
, µ > 1/2,
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and thus
‖u‖L∞(R1+d) ≤ (
∫ +∞
−∞
ds
(1 + s2)µ
) sup
(t,x)∈R1+d
∣∣(1 + t2)µv(t, x)∣∣.
Since
sup
(t,x)∈R1+d
∣∣(1 + t2)µv(t, x)∣∣ ≤ sup
(t,x)∈R1+d
∣∣(1 + t2 + x2)µv(t, x)∣∣ ≤ Cµ‖v‖2µ,
we have
|〈u, ϕ〉| ≤ Km,µ‖v‖2µ‖ϕ‖2m,
for m > (1 + d)/2 and µ > 1/2. 
This linear continuous operator describes the causal response of the simple equa-
tion under consideration to a perturbation v. The following simple result provides
us with a characterization of causal solutions that can be used for more general
problems.
Proposition 3.4. The regularized problem ∂tu
ν + νuν = v in S ′(R1+d) with ν > 0
and v ∈ S(R1+d) has a unique solution uν ∈ S ′(R1+d), which in fact belongs to
S(R1+d). Explicitly, the solution is given by
uν(t, x) =
∫ t
−∞
e−ν·(t−t
′)v(t′, x)dt′,
Furthermore, there exists u∗ ∈ S
′(R1+d) such that uν → u∗ in S
′(R1+d) as ν → 0+.
The limit u∗ is equal to the unique causal solution u obtained in proposition 3.2.
Remark 4. The integral in the definition of uν is absolutely convergent as t− t′ ≥ 0
on the domain of integration and v(·, x) ∈ L1(R). It is, however, not obvious that
uν belongs to S(R1+d). This is proven by showing that the equation ∂tu
ν+νuν = v
has a unique solution in S(R1+d) and that the Fourier transform of such a unique
solution is equal to the Fourier transform of
∫ t
−∞ e
−ν·(t−t′)v(t′, x)dt′.
Proof. If u is a solutions in S ′ of the regularized equation, its Fourier transform
satisfies
−i(ω + iν)uˆν = vˆ.
For ν > 0, this has one and only one solution
uˆν(ω, k) = i
vˆ(ω, k)
ω + iν
,
and we have uˆν ∈ S(R1+d) since (ω + iν)−n is smooth and polynomially bounded
for ω ∈ R and for all integers n > 0. Hence, its inverse Fourier transform belongs
to S(R1+d). We recall that
uν(−t,−x) =
1
(2π)1+d
ˆˆuν(t, x),
so that, if ϕˇ(x) = ϕ(−x),
〈uν , ϕ〉 = 〈
1
(2π)1+d
ˆˆuν , ϕˇ〉 = 〈uˆν ,
1
(2π)1+d
ˆˇϕ〉.
Let us introduce, for every ϕ ∈ S(R1+d), the function ψˆ ∈ S(R) given by
ψˆ(ω) =
∫
Rd
vˆ(ω, k)ϕ˜(ω, k)dk, ϕ˜(ω, k) = (2π)−(1+d)ϕˆ(−ω,−k).
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We deduce
〈uν , ϕ〉 =
∫
R
iψˆ(ω)
ω + iν
dω.
However, the sequence {uν}ν∈R+ is not bounded in S. In order to take the limit,
we use the identity
i
ω + iν
=
∫ +∞
0
ei(ω+iν)tdt,
and note that the function (t, ω) 7→ ei(ω+iν)tψˆ(ω) belongs to L1(R+ ×R) so that,
by Fubini’s theorem,
〈uν , ϕ〉 =
∫ +∞
0
e−νt(
∫ +∞
−∞
eiωtψˆ(ω)dω)dt
= 2π
∫ +∞
0
e−νtψ(−t)dt.
Also the Fourier inversion theorem gives
ψ(t) =
1
2π
∫ +∞
−∞
e−iωtψˆ(ω)dω
=
1
2π
∫ +∞
−∞
e−iωt
∫
Rd
vˆ(ω, k)(2π)−(1+d)ϕˆ(−ω,−k)dkdω
=
1
(2π)d+2
∫ +∞
−∞
e−iωt
∫
R1+d
e−i(k·x1−ωt1)v(t1, x1)dt1dx1
×
∫
R1+d
e+i(k·x2−ωt2)ϕ(t2, x2)dt2dx2dkdω
=
1
(2π)2
∫ +∞
−∞
e−iωt
∫
R1+d
e+iωt1v(t1, x)dt1
∫
R
e−iωt2ϕ(t2, x)dt2dxdω
=
1
2π
∫
R1+d
v(t′, x)ϕ(t′ − t, x)dt′dx,
and this yields
〈uν , ϕ〉 =
∫ +∞
0
∫
R1+d
e−νt
′′
v(t′, x)ϕ(t′ + t′′, x)dt′dxdt′′.
By the change of variables t′′ = t− s, t′ = s, one has
〈uν , ϕ〉 =
∫
R1+d
∫ t
−∞
e−ν(t−s)v(s, x)ϕ(t, x)dsdtdx,
which shows that the distribution uν is regular and equal to
uν(t, x) =
∫ t
−∞
e−ν(t−s)v(s, x)ds,
as claimed. In addition, with u defined in proposition 3.3,
lim
ν→0+
〈uν , ϕ〉 =
∫
R1+d
∫ t
−∞
v(s, x)ϕ(t, x)dsdtdx =
∫
u(t, x)ϕ(t, x)dtdx,
for every ϕ ∈ S(R1+d), that is,
uν → u, in S ′(R1+d),
and the limit is the causal solution of proposition 3.2. 
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The characterization given by proposition 3.4 is essentially a limiting absorption
principle where ν plays the role of the absorption coefficient. The advantage is that
it can indeed be generalized in order to include physically relevant situations, as
described in the next section, where this characterization of the response via the
regularized equation is applied to a physically relevant case.
4. Uniform isotropic plasmas in one spatial dimension: the standard
linear Landau damping
Here we consider in detail the case of a non-magnetized non-relativistic plasma
in one spatial dimension and for a single particle species. This is the textbook
example for linear Landau damping. Equation (2) reduces to
∂tf(t, x, v) + v∂xf(t, x, v) = −(q/m)E(t, x)F
′(v),
where F ∈ S(R) is the equilibrium distribution function, and E ∈ S(R2) is the
electric field perturbation. The species index s is dropped for simplicity. In this
case the linearized Vlasov operator is the free advection operator
L0 = ∂t + v∂x,
and its null space comprises all the functions such that
f(t, x, v) = h(x− vt, v),
or, if h(x, v) has a Fourier transform in x,
fˆ(ω, k, v) = 2πhˆ(k, v)δ(ω − kv).
We consider a regularized version of the advection operator and then pass to the
limit to recover a solution of the original problem (limiting absorption principle).
4.1. Regularized problem. In this section we prove the existence and uniqueness
of the solution of the regularized problem (6), where by regularization we mean the
addition of the damping term to the operator L0 thus obtaining
(12) Lν = ∂t + ν + v∂x.
We prove the following existence and uniqueness result.
Proposition 4.1. Let E ∈ S(R2) and F ∈ S(R). Then,
Lνfν = −(q/m)EF
′,
has a unique solution in S ′(R3). This is the unique (classical) solution of the
Cauchy problem
Lνfν(t, x, v) = −(q/m)E(t, x)F
′(v),
with initial condition
fν(0, x, v) = −(q/m)F
′(v)
∫ 0
−∞
eν·(s−t)E
(
s, x− v · (t− s)
)
ds,
at t = 0. Furthermore, one has fν ∈ S(R
3).
Remark 5. In proposition 4.1, we distinguish between the equation in S ′ and in
classical sense.
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Proof. For F ∈ S(R), E ∈ S(R2) and ν > 0, by Fourier transform we obtain the
unique solution in S ′ of the problem
Lνfν(·, v) = −(q/m)E(·)F
′(v),
which is given by
(13) fˆν(ω, k, v) = −i(q/m)
Eˆ(ω, k)F ′(v)
ω − kv + iν
.
By inspection of expression (13) we also notice that fν ∈ S(R
3), but the sequence
fν is not uniformly bounded in S.
On the other side, one can consider the initial value problem in C1(R,S ′(R)) for
each v ∈ R{
∂tfν(t, x, v) + v∂xfν(t, x, v) + νfν(t, x, v) = −(q/m)E(t, x)F
′(v),
fν(0, x, v) = f
(0)
ν (x, v).
We seek the Cauchy condition such that its unique solution is in S ′(R2). By partial
Fourier transform in space, this can be rewritten as{
∂tf˜ν(t, k, v) + kvf˜ν(t, k, v) + νf˜ν(t, k, v) = −(q/m)E˜(t, k)F
′(v),
f˜ν(0, x, v) = f˜
(0)
ν (k, v),
and the solution is
f˜ν(t, k, v) = e
−(ν+ikv)t
[
f˜ (0)ν (k, v)− (q/m)F
′(v)
∫ t
0
e(ν+ikv)sE˜(s, k)ds
]
.
Since E˜ ∈ S(R2), the integral in s gives a continuous and bounded function, and
yet, in general, the solution blows up for t→ −∞ as e−νt. It follows that we have
f˜ν ∈ S
′ if and only if the initial condition satisfy
f˜ (0)ν (k, v) = −(q/m)F
′(v)
∫ 0
−∞
e(ν+ikv)sE˜(s, k)ds.
The corresponding solution amounts to
f˜ν(t, k, v) = −(q/m)F
′(v)
∫ t
−∞
e(ν+ikv)(s−t)E˜(s, k)ds,
and this is the unique solution in S ′(R3). Upon inserting the full Fourier transform
of E(t, x), one can check that this is just an alternative form of (13).
The inversion of partial Fourier transform gives the solution in the physical space
(14) fν(t, x, v) = −(q/m)F
′(v)
∫ t
−∞
eν·(s−t)E
(
s, x− v · (t− s)
)
ds,
and we note that
X(s, t, x, v) = x− v · (t− s), V (s, t, x, v) = v,
is just the solution of the equations for the characteristics of Lν integrated backward
in time from (t, x, v). 
The key point of this construction is that the requirement fν ∈ S
′(R3) selects
a specific initial condition for the Cauchy problem, thus uniquely determining the
response of the regularized operator.
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Remark 6. For any other initial condition f
(0)
ν ∈ S ′(R), the solution belongs to
C1
(
R,S ′(R)
)
, but it is not tempered in time, as it grows exponentially for t→ −∞.
We can compute the electric current density via equation (4), namely,
(15) jν(t, x) = q
∫
R
vfν(t, x, v)dv,
and jν ∈ S(R
2). The map E 7→ jν = σν(E) defines a linear continuous operator
σν : S(R
2)→ S(R2) which is given by the Fourier multiplier
(16) jˆν(ω, k) = σˆν(ω, k)Eˆ(ω, k), σˆν(ω, k) = −i
q2
m
∫
R
vF ′(v)
ω − kv + iν
dv.
The continuity of σν in particular follows from the estimate∣∣∂αω∂βk σˆν(ω, k)∣∣ ≤ Cνα+β+1
∫
R
∣∣vβ+1F ′(v)∣∣dv,
for any non-negative integers α, β, where the constant C depends only on q2/m, α,
and β. We observe that this estimate is not uniform in ν as expected, since fν is
not uniformly bounded in S.
4.2. Limiting absorption principle. We apply now the limiting absorption prin-
ciple, that is, we consider the limit of the distribution fν and current jν for ν → 0
+.
Proposition 4.2. The solution fν defined in (14) with E ∈ S(R
2) and F ∈ S(R)
has a pointwise limit
f(t, x, v) = −(q/m)F ′(v)
∫ t
−∞
E
(
s, x− v · (t− s)
)
ds,
which is in C∞b (R
3) and for every (t, x) ∈ R2 we have f(t, x, ·) ∈ S(R), L0f =
−(q/m)EF ′.
Proof. We observe that for ν > 0 and s > t the function
s 7→ eν·(s−t)E
(
s, x− v · (t− s)
)
ds,
is bounded by
|E
(
s, x− v · (t− s)
)
| ≤
1
(1 + s2)m
sup
t,x
|(1 + t2)mE(t, x)|,
for all m ≥ 0. If we choose m > 1/2, then 1/(1 + s2)m is integrable and by the
dominated convergence theorem, for every (t, x, v) ∈ R3,
fν(t, x, v)
ν→0+
−−−−→ f(t, x, v) := −(q/m)F ′(v)
∫ t
−∞
E
(
s, x− v · (t− s)
)
ds.
We observe that the limit f is constant along the integral lines of the vector field
(1, v, 0) over R3 and thus it is a classical solution of the equation
L0f = ∂tf + v∂xf = −(q/m)EF
′,
as claimed. Since f(t, x, v) is proportional to F (v) we have also f(t, x, ·) ∈ S(R). 
By using again the dominated convergence theorem we have that the limit of
the current density jν is given by the current due to the limit distribution function
f . Specifically we have
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Proposition 4.3. Let jν be defined by equation (15) where fν is given in proposition
4.2 with E ∈ S(R2) and F ∈ S(R). Then, the function defined by
j(t, x) = −
q2
m
∫
Dt
vF ′(v)E
(
s, x− v · (t− s)
)
dsdv,
with Dt = [−∞, t]×R, belongs to C
∞
b (R
2) and jν(t, x) → j(t, x) pointwise in R
2.
The map σ : E 7→ j = σ(E) is a linear continuous operator from S(R2)→ S ′(R2).
Proof. Let us first show that j ∈ C∞b (R
2). With this aim we consider the function
E(t, x, s, v) = vF ′(v)E
(
s, x− v · (t− s)
)
,
for (t, x) ∈ R2 and (s, v) ∈ Dt. Then E is of class C
∞ and for all α, β ∈ N0 we have
|∂αt ∂
β
xE(t, x, s, v)| ≤ |v
α+1F ′(v)| · |∂α+βx E(s, x− v(t− s))|
≤
|vα+1F ′(v)|
(1 + s2)m
sup
t,x
∣∣(1 + t2)m∂α+βx E(t, x)∣∣
≤
|vα+1F ′(v)|
(1 + s2)m
‖E‖α+β+m.
where ‖E‖k denotes the standard norms in S, cf. section 2. For m > 1/2 this
upper bound is integrable on R2 and thus we can differentiate under the integral
sign and obtain∣∣∂αt ∂βx j(t, x)∣∣ ≤ (
∫
R2
|vα+1F ′(v)|
(1 + s2)m
dsdv
)
‖E‖α+β+m,
uniformly in R2. In the upper bound we have extended the integration domain
from Dt to the whole space R
2. This proves the claim j ∈ C∞b .
As a tempered distribution, j acts on a test function ψ ∈ S(R2) by integration
〈j, ψ〉 =
∫
R2
j(t, x)ψ(t, x)dtdx,
and since j is uniformly bounded,∣∣〈j, ψ〉∣∣ ≤ ‖j‖L∞(R2)‖ψ‖L1(R2) ≤ C‖E‖m · ‖ψ‖n,
where m,n ∈ N, with m defined above and n > 1. We deduce that the map E 7→ j
from S → S ′ is continuous.
At last we address the pointwise convergence of jν to j. Since
eν(s−t) ≤ 1, for (s, v) ∈ Dt,
we have
eν(s.t)
∣∣E(t, x, s, v)∣∣ ≤ |vF ′(v)|
(1 + s2)m
‖E‖m
and for m > 1/2 the bound is in L1 and we can pass the limit under the integral
sign obtaining j(t, x) = lim jν(t, x). 
For an explicit calculation of the conductivity operator we consider the limit
ν → 0+ in Fourier space. We consider jˆν as a tempered distribution acting on
ψ ∈ S(R2) by
(17) 〈jˆν , ψ〉 = −i(q
2/m)
∫
R2×R
vF ′(v)
Eˆ(ω, k)ψ(ω, k)
ω − kv + iν
dωdkdv,
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where the integral is absolutely convergent and defines a linear continuous operator
from S(R2) to C, hence jν ∈ S
′(R2). We now want to pass to the limit for ν → 0+.
We will make also use of the Hilbert transform which is defined by
H(φ)(x) =
1
π
p. v.
∫
φ(y)
x− y
dy =
1
π
(p. v.
1
x
∗ φ)(x),
for a function φ ∈ C∞0 . We have the following properties of the Hilbert transform
which we give without proof.
Proposition 4.4. The Hilbert transform H defined above can be extended to com-
pactly supported distributions. It can be extended to functions in S(R) through the
equality
H(φ)(x) =
1
π
∫
R
1
2u
[
φ(x− u)− φ(x+ u)
]
du.
It extends also as an isometry from L2(R) into itself and
Ĥ(u) = −i sign(ξ)uˆ, ∀u ∈ L2(R).
In addition, H(u′) =
(
H(u)
)′
where (·)′ denotes the distributional derivative. This
implies that the Hilbert transform acts on Sobolev spaces Hk(R) as an isometry, i.e.,
H : Hk(R) → Hk(R) for every non-negative integer k. Particularly if u ∈ S(R),
then H(u) ∈ H+∞(R).
Let us introduce a scale length λ > 0 and a cutoff function χ ∈ C∞0 (R), χ(z) = 1
for |z| ≤ 1/2 and suppχ ⊂ (−1, 1). LetG(v) = vF ′(v)/n where n > 0 is the uniform
background plasma density and let ω2p = 4πq
2n/m be the squared plasma frequency
of the considered species.
Proposition 4.5. Let E ∈ S(R2), F ∈ S(R) and let jν ∈ S(R
2) be the current
density uniquely defined in proposition 4.3 with Fourier transform in S ′ given in
equation (17).
(i) For (ω, k) ∈ R2, k 6= 0,
jˆν(ω, k)
ν→0+
−−−−→− i
ω2p
4π
1
k
[
πH(G)(ω/k)− iπG(ω/k)
]
Eˆ(ω, k)
=: σˆph(ω, k)Eˆ(ω, k),
pointwise in Fourier variables for k 6= 0.
We define the operator
F
(
σλ,1−χ(E)
)
(ω, k) =
(
1− χ(kλ)
)
σˆph(ω, k)Eˆ(ω, k),
that is a Fourier multiplier and is continuous from S(R2) to S ′(R2). Then
(ii) One has
jν → j in S
′(R2) for ν → 0+, and j = σE,
where j is the pointwise limit constructed in proposition 4.3. This defines
a linear continuous operator σ : S(R2)→ S ′(R2).
(iii) For every λ > 0, define σλ,χ := σ − σλ,1−χ. One has the identity,
〈σλ,χ(E), ψˆ〉 = −i
ω2p
4π
∫
R2
χ(kλ)G(v)
[
πH
(
Eˆψ(·, k)
)
(kv) − iπEˆψ(kv, k)
]
dkdv.
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Remark 7. The conductivity σˆph is exactly the same as that obtained formally in
the physics literature. We have 4πiωσˆph = ω
2
ps(ω/k) with s ∈ C
∞(R).
Remark 8. One should notice that the result is valid for any non-negative constant
λ. For λ→ +∞ the Fourier multiplier σλ,1−χ converges to zero, while the integrand
in the definition of σλ,χ is bounded by an L
1-function uniformly for λ ∈ [λ0,+∞),
so that we can take the limit λ→ +∞ with the result that
〈σ(E), ψˆ〉 = −i
ω2p
4π
∫
R2
G(v)
[
πH
(
Eˆψ(·, k)
)
(kv)− iπEˆψ(kv, k)
]
dkdv.
This provides a “global” expression for the conductivity operator which is not a
Fourier multiplier.
Proof of proposition 4.5. For this proof, we rely on the expression (16) for the
Fourier multiplier associated with the conductivity operator and on the expres-
sion (17) for its action as a tempered distribution. Using vF ′(v) = nG(v) and ω2p,
one rewrites
σˆν(ω, k) = −i
ω2p
4π
∫
G(v)
ω − kv + iν
dv,
and for φ ∈ S(R2) we define
Iν(φ) = −i
ω2p
4π
∫
R2×R
χ(kλ)G(v)
φ(ω, k)
ω − kv + iν
dωdkdv.
The limit of these expressions is deduced from classical arguments of distribution
theory, as follows.
For k 6= 0, define the two functions G0 and G1 elements of C
∞ by
G0
(
ω
k , u
)
= 12
[
G
(
ω
k − u
)
+G
(
ω
k + u
)]
,
uG1
(
ω
k , u
)
= 12
[
G
(
ω
k − u
)
−G
(
ω
k + u
)]
.
Similarly, for all (ω, k, v) ∈ R3 we define
φ0(kv, ω − kv, k) =
1
2
(φ(ω, k) + φ(2kv − ω, k)),
φ1(kv, ω − kv, k) =
φ(ω, k)− φ0(kv, ω − kv, k)
ω − kv
=
∫ 1
0
φω(ω + 2(kv − ω)s, k)ds.
One has the identities:
(1) for k 6= 0,
σˆν(ω, k) = −i
ω2p
4π
∫
G0(
ω
k , u) + uG1(
ω
k , u)
ku+ iν
du,
(2) for all φ in S(R2),
Iν(φ) = −i
ω2p
4π
∫
R2×R
χ(kλ)G(v)
×
φ0(kv, ω − kv, k) + (ω − kv)φ1(kv, ω − kv, k)
ω − kv + iν
dωdkdv
= −i
ω2p
4π
∫
R2
χ(kλ)G(v)
[ ∫
R
φ0(kv,̟, k) +̟φ1(kv,̟, k)
̟ + iν
d̟
]
dkdv.
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We shall then compute the limit, when ν → 0+, of the integrals
Aν(k,
ω
k
) =
∫
R
G0(
ω
k , u) + uG1(
ω
k , u)
ku+ iν
du,
Bν(k; v) =
∫
R
φ0(kv,̟, k) +̟φ1(kv,̟, k)
̟ + iν
d̟.
As G0, G1 are even functions in u, and φ0, φ1 are even functions in ̟, one deduces
kAν(k,
ω
k
) =
∫
R
k2u2G1(
ω
k , u)− ikνG0(
ω
k , u)
k2u2 + ν2
du
=
∫
R
k2u2G1(
ω
k , u)
k2u2 + ν2
du− ik
∫
R
G0(
ω
k , νt)
k2t2 + 1
dt,
Bν(k; v) =
∫
R
̟2φ1(kv,̟, k)− iνφ0(kv,̟, k)
̟2 + ν2
d̟
=
∫
R
̟2φ1(kv,̟, k)
̟2 + ν2
d̟ − i
∫
R
φ0(kv, νt, k)
t2 + 1
dt.
We observe that k
2u2
k2u2+ν2 and
̟2
̟2+ν2 are uniformly bounded by 1. Moreover, t 7→
1
t2+1 is in L
1(R), and, for k 6= 0, t 7→ 1k2t2+1 belongs to L
1(R). Using the dominated
convergence theorem, and the values
∫
R
dt
t2+1 = π,
∫
R
dt
k2t2+1 =
π
k , one has
kAν(k,
ω
k
)→
∫
R
G1(
ω
k
, u)du− iπG0(
ω
k
, 0),
Bν(k; v)→
∫
R
φ1(kv,̟, k)d̟ − iπφ0(kv, 0, k),
hence, upon choosing φ = Eˆψ, the expressions of item (i) and (iii) of proposition
4.5.
As for convergence in item (ii), let us split the regularized current into two
contributions
〈jˆν , ψ〉 = −i
q2
m
∫
R2×R
(
1− χ(kλ)
)
vF ′(v)
Eˆ(ω, k)ψ(ω, k)
ω − kv + iν
dωdkdv
− i
q2
m
∫
R2×R
χ(kλ)vF ′(v)
Eˆ(ω, k)ψ(ω, k)
ω − kv + iν
dωdkdv
= −i
q2
m
∫
R2×R
(
1− χ(kλ)
)
vF ′(v)
Eˆ(ω, k)ψ(ω, k)
ω − kv + iν
dωdkdv + Iν(φ),
where φ = Eˆψ. The first integral is supported away from the singular point k = 0,
and we can use the same argument to pass the limit under the integral, while the
limit of Iν(φ) has been computed above. Therefore, we have
〈jˆν , ψ〉
ν→0+
−−−−→
∫
R2
(
(1− χ(kλ)
)
σˆph(ω, k)Eˆ(ω, k)dωdk + 〈σλ,χ(E), ψˆ〉.
Since
(
1 − χ(kλ)
)
/k is bounded by 2λ, the Fourier multiplier σλ,1−χ amounts to
a linear continuous operator from S → S ′. Using the properties of the Fourier
transform we have
lim
ν→0+
〈jˆν , ψ〉 = lim
ν→0+
〈jν , ψˆ〉 = 〈j, ψˆ〉 = 〈jˆ, ψ〉
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where j = σ(E) is constructed in proposition 4.3. We deduce that σλ,χ = σ−σλ,1−χ
is the difference between linear continuous operator from S → S ′ and thus is a linear
and continuous operator. 
The operator σλ,χ does not play any role when the electric field perturbation is
supported away from k = 0, i.e., for non-static fields. More precisely we have the
following result.
Corollary 4.6. If E ∈ S(R2) is such that Eˆ(ω, k) = 0 for |k| ≤ 1/λ , then
jˆ ∈ C∞(R2) and
jˆ(ω, k) = σˆph(ω, k)Eˆ(ω, k),
which expresses the usual Ohm’s law for a uniform plasma.
Proof. We observe that, for every ψ ∈ S(R2),
〈σλ,χ(E), ψˆ〉 = lim
ν→0+
−iq2
m
∫
R2×R
χ(kλ)vF ′(v)
Eˆ(ω, k)ψ(ω, k)
ω − kv + iν
dωdkdv,
and by hypothesis χ(kλ)Eˆ(ω, k) = 0 for all (ω, k) ∈ R2. Hence, σλ,χ(E) = 0 and
σ̂(E) = ̂σλ,1−χ(E) =
(
1− χ(kλ)
)
σˆph(ω, k)Eˆ(ω, k),
and by hypothesis
(
1− χ(kλ)
)
Eˆ(ω, k) = Eˆ(ω, k). The fact that jˆ is in C∞ follows
from the properties of the Hilbert transform summarized in proposition 4.4, that
imply in particular, H(G) ∈ H∞(R). 
4.3. Proof of theorem 1.1. We collect at last the partial results of this section
and give the proof of theorem 1.1 stated in the introduction.
We start with item (i). The fact that fs,ν belongs to S(R
3) and is the unique
solution of equation (6) in S ′(R3) is proven in proposition 4.1. Pointwise conver-
gence fs,ν → fs is established in proposition 4.2, where fs is given in equation (8)
and solves equation (6) with ν = 0. Proposition 4.2 also gives fs(t, x, ·) ∈ S(R)
for every (t, x) ∈ R2. The fact that fs,ν → fs in the topology of S
′, follows from
pointwise convergence and the fact that fs,ν, fs ∈ C
∞
b , since
|〈fs,ν − f, φ〉| =
∫
R3
|fs,ν − fs|φdtdxdv ≤ ‖fs,ν − fs‖L∞(R)‖φ‖L1(R3),
for all φ ∈ S(R3).
As for item (ii), the continuity of σν from S into itself follows from equation (16)
and comments thereon. Pointwise convergence of jν is proven in proposition 4.3
together with the continuity of σ from S → S ′, while the convergence in S ′ is item
(ii) of proposition 4.5. That the limit current j and the limit function fs are related
by equation (4) follows from proposition 4.3.
At last, item (iii) of the theorem is corollary 4.6 which follows from proposi-
tion 4.5 where the expression of the conductivity operator are given explicitly.
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